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Abstract 

A result from Palmer, Beatty and Tracy suggests that the two-point function of certain spinless scaling 
fields in a free Dirac theory on the Poincare disk can be described in terms of Painleve VI transcendents. 
We complete and verify this description by fixing the integration constants in the Painleve VI transcendent 
describing the two-point function, and by calculating directly in a Dirac theory on the Poincare disk the 
long distance expansion of this two-point function and the relative normalization of its long and short 
distance asymptotics. The long distance expansion is obtained by developing the curved-space analogue of 
a form factor expansion, and the relative normalization is obtained by calculating the one-point function 
of the scaling fields in question. The long distance expansion in fact provides part of the solution to the 
connection problem associated with the Painleve VI equation involved. Calculations are done using the 
formalism of angular quantization. 
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1 Introduction 



Quantum Field Theory (QFT) in curved space-time is a subject of great interest which has been studied 
from many viewpoints (see for instance ^). The main goal of QFT is the reconstruction of a set of 
correlation functions in which is embedded the physical information provided by the theory. Such a 
reconstruction is an important problem for QFT on curved space-time, where the structure of the theory 
is more subtle. A simple but non-trivial curved space-time with Euclidean signature is the Poincare disk. 
It is maximally symmetric, which allows some techniques on two-dimensional flat space to be generalized 
to this space, and has a negative Gaussian curvature. The effect of a negative curvature is interesting 
to study: as was argued in a negative curvature can be used as an infrared regulator for Euclidean 
QFT. 

In two-dimensional flat space, a class of non-trivial correlation functions can be studied by their 
relation to the problem of isomonodromic deformations j2j . Correlators of certain scaling fields in a free 
massive Dirac theory are tau functions |21 El 01 |S] for the isomonodromic deformation problem associated 
to some Painleve equations: they can be expressed in terms of Painleve transcendents. The scaling fields 
in question, Oa = —1 < a < 1, are spinless, C/(l)-ncutral and have scaling dimension a^. They are 

not mutually local with respect to the Dirac field. Their mutual locality index with the Dirac field is a, 
that is, the Dirac field ^ takes a factor, "if — > e^'^'"^', when continued counterclockwise around the field 
Oa- Their physical interest stems in particular from the fact that correlators of some of these scaling 
fields are simply related to the scaling limit of correlators of local variables in the Ising model (HI El |H1 . 

In 12] , the authors generalized the method of isomonodromic deformation to the study of determinants 
of the Dirac operator on the Poincare disk. Their results suggest that the two-point function of scaling 
fields Oa in a Dirac theory on the Poincare disk can be expressed in terms of Painleve VI transcendents. 
The general form of the Painleve VI differential equation is: 



w 



„ 1 / 1 1 



2\u' w — 1 w — s 
w{'w — 1){'W — s) / (1 — 4^2)s(s 
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where w — w{s) and the primes mean derivatives with respect to s. There are four parameters: fi, 7, A, A. 
For the description of the two-point function {Oa{x)Oa' {y)) in the free Dirac theory on the Poincare disk, 
with fermion mass m and Gaussian curvature — the parameters are fixed to /x = mR, A = a — a', 
X = a + a' and 7 = 0. The two-point function is then identified with the associated tau function r(s), 
with s simply related to the geodesic distance d(a;, y) between the points x and y: 



d{x,y) 
2R 



{Oa{x)Oa'{y)) ^t{s), s = tanh' 
Up to normalization, the tau function is given by [H]: 

■ In r(sj — - — — — r- yw— ' 
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This description for the correlator needs to be completed and to be compared with direct calculation 
in the Dirac theory on the Poincare disk. In order to complete it, one must supply appropriate integration 
constants specifying the Painleve transcendent that describes the correlator. First, the exponent 2aa' in 
the short distance power law of the two-point function, 

{Oa[x)Oa'[y)) ^ (Oa+a')d(x,2/)2""' as x ^ y , (1.3) 
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specifies the exponent in the asymptotic behavior of w{s) near the critical point s = 0: 



w - as s ^ 0, (1.4) 

where B is some constant and where we must have < a + a' < 1. Second, the cluster property of the 
two-point function, 

{0^(x)Oa'{y))^{0^){0^')F(^^), limi^(t) = l, (1.5) 



2R J t-.oo 

specifies, for /i > i, the exponent in the asymptotic behavior of w{s) near the critical point s = 1: 

1 - w - A(l - s)i+2'' as s ^ 1, (1.6) 

where again, A is some constant. 

One can expect that the exponents in H1.4(l and p. 6(1 form a set of integration constants fixing the 
Painleve transcendent. However, one doesn't know a priori that there exists a solution to the Painleve 
equation with both behaviors 1(1. 4|l and 11.6|l . In addition, even if such a solution exists, this set is not the 
most convenient. One cannot use it for instance to provide initial conditions for numerically solving the 
differential equation 1(1. l|l . It is more appropriate to fix the full expansion of the Painleve transcendent 
near the singular point s = 1, that is, to specify the constant A in 1(1. 6() . Fixing this constant is part of 
the solution to the connection problem for the particular Painleve VI equation that we are considering, 
that is, the problem of relating the behaviors of the Painleve transcendent near its various critical points. 
The expansion of the Painleve transcendent near s = 1 is directly related to the long distance expansion 
of the two-point function: 

F{t) = l- A ^^ + |]^|^+^"'^ 4^^+ie-(^^+^)* + O (e-(4M+4)*) . (ij) 

To our knowledge, the theory of Painleve VI equations ((1.1() in the case 7 = provides no expression for 
A in terms of the exponents in 1(1. 4() and 1(1. 6() . We calculated A by evaluating directly in a free massive 
Dirac theory on the Poincare disk the long distance expansion of the two-point function: 

sin(7ra) sm{na')r{^i + a)T{l + jjL - a)T{^l + a')T{l + - a') 

^ = ^^^niTW ^^-^^ 

The asymptotics ((1.411 can also serve as initial condition once B is known, although it is numerically not 
as efficient. From results by Jimbo concerning Painleve VI equations 17 , one can calculate the constant 
B (see section 7) - this is another part of the solution to the connection problem. 

Another important quantity concerning the two-point function that is not provided by the theory of 
Painleve VI equations is an expression relating the normalization of the leading long distance asymptotics 
of the two-point function to that of its leading short distance asymptotics. Comparing ((1.3() and ((1.5() . 
one sees that the relation between normalizations can be obtained by calculating the one-point function 
(Oq,). Notice that the condition ((1.3() fixes the normalization of the scaling fields Oa- This normalization 
being fixed, the one-point function (Oa) is unambiguous. By a simple generalization of calculations done 
on fiat space in m ^] , we found 



= (2i?)-"^ n 
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The long distance asymptotics of the two-point function is obtained by a "form factor" expansion, that 
is, an expansion obtained by inserting between the two operators in an appropriate vacuum expectation 
value a resolution of the identity on an appropriate Hilbert space. Actual calculations of form factors on 
this Hilbert space are done in the formalism of angular quantization. More precisely, matrix elements of 
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operators corresponding to the scaling fields Oa between the vacuum and an excited state are evaluated 
through appropriate traces on the Hilbert space of angular quantization, following ideas from 13, 14, 15 . 
The one-point function (Oa) is similarly evaluated through appropriate traces on the Hilbert space of 
angular quantization. 

The plan of the paper is as follows. In section 2 we briefly recall standard results concerning the 
free Dirac fermion on the Poincare disk. In section 3 we express the long distance expansion of the 
two-point function as a form factor expansion using canonical quantization. In section 4 we evaluate, 
up to normalization, the form factors of the scaling fields Oa by calculating appropriate traces on the 
Hilbert space of angular quantization, and in section 5 we compute the one-point function (Oq), which 
specifies the normalization of the form factors. In section 6 we discuss the long distance expansion of the 
two-point function, and finally in section 7 we briefiy elaborate on the description of ^ for the two-point 
function in terms of a Painleve VI transcendent and clarify our results in this context. 



2 Free Dirac fermion on the Poincare disk 

With appropriate complex coordinates z — + iy, z — ~ iy, the Poincare disk can be brought to the 
region \z\ < 1 in the complex z-plane. For a Gaussian curvature — the metric is then specified by 

^ 2 _ dzdz{2Rf 



(l-|zP)2 



The metric is SU{\, 1) invariant. The transformation of coordinates corresponding to the group element 
« ^ \ lap - W = 1 is 
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az + b _ az + b 
z , z 



bz + a 

The geodesic distance d{xi,X2) between points xi = (zi,zi) and X2 = (^2,^2) on the Poincare disk is 
given by 

\Z1 - Z2\ 



d(a;i,a;2) = 2i?arctanh -^-^ • (2.1) 

V|l - ZiZ2\J 

The free massive Dirac action with fermion mass m in this system of coordinates is 



A= / dxdy * ( 7^=5, + Ydy + ) (2-2) 



where as in the introduction ^ = mR, and = ( ] , = ^''''7^. We choose the Dirac matrices as 



L 



^" = I ) ' = ( ? 



The two-point function that we are interested in can be represented by the appropriately regularized 
Euclidean functional integral 

{Oa{x)Oa'{y)) ^ mv^e-^. (2.3) 

The integration is over the space Ta,a' of field configurations vanishing on the boundary of the disk and 
such that 5*, acquire phases when continued counterclockwise around the points x and y: 

( around x : * ^ e^'^*"^', * ~> e^^Tr^^ 
"'"'■1 around ?/: * -> e^^^*"'*, v& ^ e-^'f*"'* ' ^ ' ' 
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Figure 1: mapping from the Poincare disk to the strip. Lines with an arrow represent orbits of K. 

3 Hilbert space 

An expansion of the functional integral l|2.H(l for large geodesic distance between the points x and y is 
most conveniently obtained by using the operator formalism. We will construct a Hilbert space TC on 
which this functional integral is represented by a vacuum expectation value {vac\T[Oa{x)Oa' {y)]\vac) , 
where \vac) is a SU{1, 1) invariant vacuum implementing vanishing boundary conditions and where the 
fields Oa{x) and Oa'{y) act on H as operators implementing the quasi-periodicity conditions (|2.4|l . The 
symbol T here denotes an appropriate "time"-ordering, described below. The large distance expansion 
will be obtained by inserting between the fields Oa (x) and Oa' (y) a resolution of the identity in terms of 
a basis of states that diagonalize a non-compact subgroup of the SU (1,1) isometry group of the Poincare 
disk. 

We define the Hilbert space Ti. by quantizing the theory on curves that are orbits of the non-compact 
subgroup K: 

Translations in the "time" direction, perpendicular to these curves, are not isometrics, so that the Hamil- 
tonian is not stationary. Translations in the "space" direction, along these curves, are isometrics, and a 
basis for Ti, will be obtained by diagonalizing the generator of such translations. In order to construct H, 
we first map the Poincare disk onto the strip (sec Figure^: 

z = tanh(^), z — tanh(^) 

with 

The action (12.21) for the fermion fields '^s — ( ) on the strip is 

V \^s)L ) 

J ' \ d^^ d^y cos(2^y)y 

where = '^l^^- Elements gg of the subgroup K are translations parallel to the strip: ^ Cx + Q, 
so that the quantization space is specified by the curves = const. The coordinate is the Euclidean 
"time". Correlation functions of local operators are expressed as vacuum expectation values of "time"- 
ordered products, for instance 

(Cai(Cxl,Cyi)Ca2(Cx2,Cy2) ' ' •) = (l^ac|T[0„i (^^ 1 , Cy i )Ca2 (Cx2 , Cy 2 ) ' ' ■]\vac) , 

where the "time" -ordering T means that operators have to be ordered form left to right in decreasing val- 
ues of their variable ^y . The Hilbert space 7i is a module for the canonical equal- "time" anti-commutation 
relations 

{vI/,(Cx,ey),*I(C,ey)} = l'5(Cx-C), 
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where now ^'s(Cx,'?y)j ^UfxiCy) are fermion operators acting on Ti, related on different "time" slices 
= const by the equations of motion. The vacuum state \vac) G 7i is S'C/(1, 1) invariant, and satisfies 
the conditions that the fermion operators vanish on it at early "times" — 7r/4 and on its dual {vac\ 

at late "times" ^y 7r/4: 

lim ^s{i.,iy)\vac) = lim iy)\vac) = 

hm (mc|*,(ex,ey)= lim {vac\^\{^^,^y) ^ 0. ^""-^ 



A basis for the Hilbert space Ti diagonalizing the subgroup K is obtained by considering a module for 
appropriate modes A^[lo), A\{uj) of the Fermion operators 5's(^x,Cy)i ^KCxi'fy), where e = ± represents 
the C/(l) charge. These modes appear in an expansion in terms of partial waves satisfying the equations 
of motion and diagonalizing the spin-i action of the subgroup K: 

*.(ex,ey) = j dLopiuj) (Al{iu)e^-^-P.{u:,^y) + A+{u:)e-^-^-P+{uo,^y)) (3.3) 

where the integrations are from — c» to oo. We choose the measure 

= + ^ + (3.4) 

in order for the partial waves to be entire functions of the spectral parameter w; this analytical property 
will be used later. The solutions for the partial waves can be written: 

, / 2-2M-^e-''f(M+^-«f)(i + e««>-)'^e'^«^i^(/i, i + Ai-*f;l + 2M;l + e*'*0 \ /g 5^ 

+ l'^,4yJ - 1^ 2-2p-ie-'f(^+5+'f)(i + e4*«>-)fe-'^«-i^(M,^+Ai + *|;l + 2^;l + e'^'^0 / 

and 

P,(c.,^y) = (P,(c.,-ey))t, (P-(c.,Cy))* = ( J \ ^ P+i^,^y), (3.6) 

where * means transpose, and where F(a, b; c; z) is Gauss's hypergeometric function on a Riemann sheet 
delimited by the branch cut {—oo, 1], with lim^^^o. am(z)>o Pi^-i b] c; z) — 1. With this choice of solutions, 
the partial waves P±{LiJ, ^y) vanish on the upper boundary — 7r/4 of the strip, and P±{lo, ^y) vanish on 
the lower boundary ^y ~ — 7r/4 of the strip. 

The canonical anti-commutation relations for the fermion operators imply the following anti-commutation 
relations for the modes: 

{A{i.),Al,{i.')}^^S{u;-u;')S,^,,, {A,(^), A,, (^')} - {^M, 4 (^')} - 0. (3.7) 
p[uj) 

The Hilbert space is the Fock space over this algebra, and the asymptotic conditions 1)3. 2|l specify the 
vacuum \vac): 

A±{Lu)\vac) = 

which we normalize to {vac\vac) = 1. A complete basis is given by 

Iwi, . . .,LUn)eu-,<ir. = ^ei(^l) ' ' ' 4„K)|wac) (3.8) 

for a given ordering of the i^j's, for instance the "in-ordering" uji < ■ ■ ■ < lu^- 
The states constructed diagonalize the subgroup K: 
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as well as the U{1) charge, with eigenvalue ei + • • • + e„. Here and below we use the notation g for 
representing the action of the group element g on the space Ti.. These states can be used to obtain a 
resolution of the identity on Ti.: 



n=0 ' £!,...,£„ •' \j = l / 



I'^l, ■ • • ,OJn)ei,...,e„ e„ ,. . . ,ei (w„ , . . . ,UJi\, 



where states with different orderings of Wj's than the in-ordering loi < ■ ■ ■ < lu^ are given by the same 
expression (|3.8|) in terms of modes. They differ from states with in-ordering by a sign through the 
anti-commutation relations H3.7|l . 

On the Hilbert space H, the scaling fields Oa{x) act as appropriately regularized exponentials of line 
integrals of the C/(l) current: 



Oa {x) ^ n-H exp 



2nia 



[ dx^e,,,,^^''^ 



(3.9) 



where Cx is a path from the position x to the boundary of the disk and tt-u is the representation map on 
the space Ti (for a precise definition of the action of similar scaling fields on the standard Hilbert space of 
a Dirac theory on flat background, see for instance [7])- The resolution of the identity on Ti, then gives the 
long geodesic distance expansion of the two-point function {Oa{x)Oa' (y)) — {vac\T[Oa{x)Oa'{y)]\vac). 
Using the fact that the one-point function (Oa) = {vac\Oa\vac) is non-zero and defining the function 

Fa[uJi,...,UJn)e^.....,c„ = J r^. ^ , (3.10) 

{vac\Ua\vac) 



we have 



{0^{x)0^,iy)) = (0„)(0„,)f;l J2 [ ifld^iPi^A 

n=0 ^' ei,...,e„ ^=1 J 



(3.11) 



X F^iivi, . . . ,w„),„...,,„(F_„,(l^i, . . . ,c^„),,,...,,J*e-^("i+-+"")^ 



In order to obtain this formula, one first brings y to the origin and x to the real axis inside the Poincare 
disk; this can always be done by SU{1, 1) invariance of the correlator. Since the subgroup K generates 
geodesic translations along the real axis inside the Poincare disk, matrix elements of the operator Oa{x) 
are related to those of Oa{0) by an exponential factor involving the geodesic distance d{x,0). Using 
SU{1, 1) invariance again, one can replace this by d(a;, y) for the correlator of fields at arbitrary points x 
and y. In the next section we calculate the matrix elements {vac\Oa{0)\LUi, . . . ,uJn)ei,...,e„j which we call 
"form factors" of the scaling fields Oq(0). 



4 Angular quantization and form factors 

In order to construct form factors of local fields in quantum integrable models, in |13[I14) the authors used 
the idea of embedding the Hilbert space of a quantum field theory in two-dimensional fiat space-time 
into a tensor product 

of the Hilbert space of angular quantization and its dual 7i^. In angular quantization, the Hamiltonian 
is taken as the generator of rotations around a given point. Form factors of local fields can then be 
constructed as traces on the angular Hilbert space Ti.A- We will make a similar construction in order 
to obtain the matrix elements {vac\Oa(0)\uJi, . . . ,LL!n)ei,...,en- The angular Hamiltonian will be taken as 
the generator of rotations around the center of the Poincare disk; it is the generator for the compact 
subgroup of the SU{1, 1) isometry group of the Poincare disk. 
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We first briefly develop the formalism of angular quantization ^1 1141 [T5] for our theory. Angular 
quantization is done in conformal polar coordinates {rj,6), where 9 is the Euclidean "time" and — oo < 
?/ < 0: 

z=:e'^+'\ 2 = 6"-*^ (4.1) 
The fermion fields '^noi = f ) in these coordinates enter the Dirac action as 



A 



[ d9 [ drj ^ipoi (j'^d,, + j'dg - ^-^) *po/, (4.2) 
Jo J-oo \ smh{r])J 



where 'i'poi — and 7**, 7^ are, respectively, the same matrices as 7^^, 7^. The angular Hamiltonian 

derived from this action is 



Ha = 



^dv-Kon'{Y%--£^)%<^r., (4.3) 



where ^poiiv) ^^^d ^p^iir]) are now operators on the angular Hilbert space Ha satisfying the canonical 
anti-commutation relation 

The T^-dependent mass term in the Hamiltonian H4.3I) produces a "mass barrier" effect somewhat 
similar to the effect of the mass term in the theory on flat space ^21; it prevents the fermions from ap- 
proaching too much the boundary of the disk. More precisely, it imposes vanishing asymptotic conditions 
for the fermion fields when > ^ (such asymptotic conditions are in fact allowed for all /i > 0). With 
these asymptotic conditions, the Hamiltonian is diagonalized by the decomposition 

-^cMv)^^''' , ^Uv,0) = / -^ctZit(^)e-« (4.4) 

in terms of partial waves 
with 



V,, 



T(l + ll)T + ri- ii^) - ^ I 

= rn^o wi ■ / e-"(l^e^")^f(A^,-+/. + .^;l + 2/.;l-e^") (4.5) 

r(i + 2^)r (^ - ij/j 2 

r(l + n)r + n-iiy) .,1 

r(i + 2/i)r (2 - 11^) 2 

where F{a,b; c; z) is Gauss's hypergeometric function on its principal branch. In H4.4|l . the operators 
Cy, cl satisfy the canonical anti-commutation relations 

The angular Hilbert space Ha is the fermionic Fock space over this algebra, with vacuum vector |0)a 
defined by 

c.\0)a^O (i^>0), 4|0)a-0 iiy<0). 
With an appropriate normal-ordering, the Hamiltonian takes the form 



POO 

Ha= dvv{clc^ + c^^c)_^). 
Jo 



We now consider the embedding H ^ Ha ® H\ that will allow us to calculate form factors of scaling 
fields {vac\Oa{0)\uJi, ■ ■ ■ ,(jJn)ei,...,<i^- The embedding is described by identifying vectors in the Hflbert 
space H with endomorphisms on the angular Hilbert space Ha- 

\UJI, . . . ,UJn)et....,e„ = 0^1(^1) • • ■ a^^{uJn)e~'" " , (4.7) 
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where the operators a^(u;) € End(7i^) are to be determined. Notice that the vacuum \vac) is identified 
with e~'^^^. The scalar product on Ti is identified with the canonical scalar product on the space 
End{Ti.A), which coincides with the expression of correlation functions as traces on Ha- 

Tt(WV) 

(^1^) ^ Tr(e-2-^A) if I") ^ 1^') ^ (4.8) 
The representation of a field on TC is identified with its representation on Ha- 

TTn{0)\u) = 7rA{0)U if |u) = f/, 
where it a is the representation map on the space Ha- 

The operators af{uj) can be fixed by imposing two conditions. First, the operators on Ha representing 
fields at the center of the disk that are mutually local with the fermion field must commute (if they are 
bosonic) or anti-commute (if they are fermionic) with the operators a^{u}). It is sufficient to impose this 
condition with the fermion operators themselves: 

{a,{ij), ^poiiv ^ -oo)} = {a,{cj), ^IJt^ ^ -oo)} = 0. (4.9) 

Second, the embedding 14.7|l must reproduce the form factors of fermion fields (uac|4's(^x5 Cy)l'^)+ = 
e~*'^^''P+((jj, ^y) and (uac|5'|(^x, ^y)|w)_ = e~*'^?''P_(a;, ^y) obtained from the partial wave decomposition 
As shown in Appendix A, these two conditions are satisfied by the operators 

/>oc />oo 

a+('^) = / dv9{v]^)cl, a-{uj) ^ dv g{v;uj) c^^, (4.10) 



r{l + n)T{^+tiy) \ 2 2 2 

Here and below we use the notation 

F(a,b;c;2±i0) = lim F(a,b;c;2±ie), 

where on the right hand side F{a, b; c; z) is Gauss's hypergeometric function on its principal branch. We 
believe that the solution (|4.1U|I to the two conditions above is unique. One can verify for instance that 

Tr{e-^-"-nA{^s{^.,^y))a+{^)) „ , , . 
7^^^— 2^ = e P+(w,?y); 

such expression can be calculated by using the cyclic properties of the traces and the anti-commutation 
relations for the modes c^,cl. As is shown in Appendix B.l, the operators ae(tt') anti-commute among 
themselves: 

{aei(c^i),a..(c^2)} = 0. (4.11) 

Also, since they are linear combinations of free modes, traces of products of such operators satisfy Wick's 
theorem. In particular we have the following contractions: 



Tr(e-^-^-^) = " 

Tr(e-2^-f^^a,(w)a,,(tj')) 



Tr(e-2^^-4) 



= (4.12) 



Since these contractions are respectively ^(wlw')^/ and (wacja;, uj')^ ,,> and since any form factor of fermion 
fields in TC can be evaluated by Wick's theorem, the embedding H4.7|) reproduces all form factors of fermion 
fields. 
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From the expression (|4.1(J|) one can verify the foUowing identity: 

This is the analogue of crossing symmetry present in theories on flat space. For the scaling fields Oa, 
which are scalar and have the property O^^ = O-a, this leads for instance to 

{Fa{uJl, ■ ■ ■ ,UJn)ei,...,eJ* = -F-al'^n, ■ • ■ , UJl) -e„,. . .-e, (4.13) 

using the notation (|3.1U|) . 

From the representation H3.9|l of the scaling fields on H, we have the following embedding: 

Oc,iO)\u) = e2'^'"0[/ if \u) = U, 
where Q is the U{1) charge in angular quantization: 

poo 

g= / d,^{clc,-c-,A,). (4.14) 



Using this embedding, form factors of the scaling fields Oa are given heuristically by the following traces: 



{vac\Oa{0)\uJi, ■■■,uj„ 



Both traces in the ratio above are ill-defined and need some regularization Tr Tr^. In the next section 
we will regularize such traces by doing the angular quantization on a Poincare disk from which a small 
disk of radius e around the origin has been removed. As the regularization parameter disappears e ^ 0, 
the resulting ratio of traces above is then singular and goes as e" . We can cancel out this singularity by 
considering normalized form factors: 



(mc|0^(O)|u;i, . . . ,c^„).„...,.„ _ Tr (e-^^^^+^^^Qg,^ ■ ■ ■ a^M) 
{vac\Oa\vac) Xr (e-2'f-f^>i+2""'3) 



(4.15) 



These can be calculated without explicit reference to a regularization procedure, simply by using, as 
above, the cyclic properties of the trace and the anti-commutation relations for the modes c^, cj,. The 
calculation of the one-point function requires the use of an explicit regularization procedure: 

2 Tr fe"2^^^+2"'*'3) 
(Oa) = {vac\Oa\vac) = Ihne-" Xr^ (e-^^^^) ' ^^'^^^ 

and will be done in the next section. 

The traces (|4.15f) are calculated in Appendix B. In particular, the "two-particle" form factors are given 
in ljB.4|l . Other "multi-particle" form factors of scaling fields OdO) can be constructed from these "two- 
particle" form factors by Wick's theorem, as in ljB.9|l . In Appendix C, we verify that the expression (jB.4p 
for the "two-particle" form factors specializes to the known expression for form factors in the flat-space 
limit. 



5 One-point function 

We now calculate the one-point function (Oq). This is a simple generalization of the calculation done in 
I12j for similar vacuum expectation values in flat space. 

We regularize the traces Tr — > Tr^ by cutting a small disk of radius e around the origin and considering 
the angular quantization of the theory l|2.2(l on the resulting annulus with the boundary conditions 

[(*poi)i?('?) - (*poi)L('?)]^=ln ta„h(^) = li"^ pol)Uv) " (^poz)! (7?)]^^i„ tanh(^) = «• (5-1) 
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Then the one-point function (Oq) can be expressed as (|4.16ll . where the U{1) charge Q in the regularized 
theory is 



I In tanh(2^) 

which speciahzes to (|4.14ll in the hmit £ ^ 0. It was shown in ^2 ^] that for the theory on flat 
space, the definition H4.16|l with the boundary conditions (|5.1|l are in accordance with the conformal 
normalization 1)1.3(1 . Since the leading behavior at short distances of the two-point function is not affected 
by the curvature, the expression ((4.16(1 with the boundary conditions 1(5.1(1 lead to the same conformal 
normalization ((1.3(1 for the theory on the Poincare disk. 

In order to evaluate the limit e — > in the expression 1(4.16(1 , we need the density of angular quantiza- 
tion states di, \n{S{i')), where the S-matrix S{i') is associated with the scattering off the "mass barrier" 
described in the previous section: 



-ie-*'"'5(j^)(2i?)- 



Here Ui, and Vi, are the partial waves 114.5(1 and ((4.6(1 . The S-matrix is given by: 



,2,. ^(l/2-^^t.)^(l/2-^z. + M) 
T{l/2-ii^)r{l/2 + w + H)' 



Then one finds 



(Oa) = exp 



dv 



In 



(1 



(1 



(5.2) 



(5.3) 



The result of the integration using 1(5.2(1 can be expressed in various ways: 



(a 



(2i?)-" exp 



(2i?)-"^ n 



dt 



(1 



_2^( sinhV^ 
sinh2(t) 



1 



1 



(5.4) 



n=l 

G{1 + fi - a)G{l + + a) 
G(l + /i)2G(l-a)G(l-Fa)' 



where G{z) is Barnes' G-function, characterized mainly by the properties G(z + 1) = T{z)G{z) and 

G(i) - 1 (cf. m)- 



6 Long distance expansion of the two-point function 

As argued in Appendix B.l, the "two-particle" form factors l(B.4(l . like the partial waves ((3.5(1 . are entire 
functions of the spectral parameters ui and uj2 (hence all form factors of scaling fields Oa are entire 
functions of their spectral parameters). Moreover, they have the following behavior as the real part of 
uji or UJ2 goes to positive or negative infinity: 

Vp(a;i)Fa(wi, W2)+ - ^ as 3?e(wi) ±oo 

y^p{uj2)Fa{uJi,u;2)+,^ ~ 1^21"^^" as die{uj2) ±00 

up to proportionality factors, and other "multi-particle" form factors have similar behaviors. Hence for 
— 1 < a — a' < 1, the integrals over tjj's in 1(3.11(1 are absolutely convergent. They can be evaluated 
by deforming the contours in their lower half planes and summing over the residues at the poles of the 
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measure p{ujj). The measure p{i-o) has poles on the imaginary axis; in the lower half plane, they are at 
positions oj — + 2/i + 2k) for £ N. 

It is instructive to interpret the poles in the measure p{uj), and the evaluation of the integrals in H3.11|l 
by contour deformation as described above, in terms of a different quantization scheme. Let us summarize 
our construction. We choose an isometry K subgroup of the full isometry group SU{1, 1), and we 

quantize the theory H2.2() on orbits of this isometry. That is, the generator K of the subgroup K generates 
"space" translations. A basis for the corresponding Hilbert space H is taken as a set of states diagonalizing 
K. They are normalized so that all form factors of local fields are entire functions of its eigenvalues w. 
With this normalization, the resolution of the identity on Ti. in terms of this basis involves a measure p{w) 
(|3.4|) with a specific analytical structure, in particular with singularities on the imaginary axis. Now, 
these singularities should give information about the spectrum in a quantization scheme where K is taken 
as the Hamiltonian, that is, as the generator of "time" translations. 

This last assertion is the analogue of what is well known to happen for instance in a free massive 
theory on flat space: the singularity structure of the invariant measure p{p) = {w? +p'^)~^ as function of 
the momentum p gives the energy spectrum. Momentum operator and energy operator (or Hamiltonian) 
can be seen as representations of the same translation generator in two different quantization scheme, 
one where this translation is along the "space" direction, the other where it is along the "time" direction. 

In a free theory on flat space, the invariant measure exhibits in particular a branch cut starting at 
p — —im and going to p — s- —ioo, corresponding to the continuous spectrum (from m to infinity) of the 
energy operator. In our free theory on the Poincare disk, the position of the poles of the measure (|3.4|) on 
the imaginary axis are interpreted as the discrete eigenvalues of the generator K in the scheme where it is 
taken as the Hamiltonian. It is a simple matter to repeat the canonical quantization procedure of section 
3 for this quantization scheme. One indeed finds a discrete set of eigenstates \ki, . . . , fc„)ei,...,e„ , kj G 
N, n = 0, 1, 2, . . . with eigenvalues /i + • • • + Z„, where 

Ij ^l + 2fi + 2kj. 

Since these states diagonalize a generator of time translation, they can be more naturally interpreted 
as multi-particle states. Matrix elements of the operator Oa between the vacuum |0) and multi-particle 
states in this scheme can be found from similar matrix elements in the Hilbert space Ti. by the following 
identification: 




and ej_...^(:^(fc„, . . . , fcilOalO) = (OlO-cIA:!, . . . , fc„)* ^ . The resolution of the identity is given by the 



1 — y ^ f y ] y ] ■ ■ ■ , kn) ei,...,e„ ei,...,c„ (^1 , • • ■ , kn\, 



ri=0 ei fci ,...,fc„>0 

which provides a long distance expansion for the two-point function: 



oo oc 



X 



n=0 ei,...,e„ fei,...,fc„=0 



X (0|Oa(0)|fcl, . . . , kn)e,....,e„ e„,....e, {kn, A^i 1 (0) 1 0) e^^'^ 



17 \ d(x,y) 
■ + 2R 



This expansion coincides with the sum of residues coming from the evaluation of the integrals in H3.11|l 
by contour deformation. Using crossing symmetry (|4.13|) and summing over the U{1) charges, this can 
be written 



{Oo.{x)Oo.'{y))^{Oo^){Oc.') flj^ f] /a(fcl,...,fc2iv)/a'(fc27V,...,fcl)e-('l + -+'^«)^. 



^ (iV!)2 ^ 

^=0 ^ ' fei,...,fc2JV=0 



(6.1) 
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where 

(Oc.) fa{ki,...,k2N) = (0|O„(0)|A:i,...,fc2iv)+, +,..., (6.2) 

JV N 

The functions /^(fci, . . . , fc2Ar) are evaluated in closed form in Appendices B.2, B.3. The first few terms 
of Ht).l|l give the following expansion for the two-point function: 

Fit) = 1 - 42^+1 sin(7ra) sin(W)r(l + ^ + a)r(l + ^ - a)r(l + ^ + a')T{l + - a') (4f^+2)t ^ 
^' 7r2r(2 + 2^)2 

l_2a«'-?^i±le-2t^O(^-4tA + o(e-(8M+4)t)^ (6.3) 

(m + 1) / 

where the function F{t) was defined in (|1.5I) . 

It is interesting to notice that in the massless limit /i ^ 0, the two-point function still decreases 
exponentially at long distance. This is a signal of the infrared regulator properties of the negative 
curvature of the Poincare disk [TU] . 



7 Two-point function from Painleve VI transcendents 

From [5], the two-point function can be described in terms of a Painleve VI transcendent: 

. d 



F{t) = exp 



f ds— In t(s) 

Jtanh^ t ds 



(7.1) 



where ^ In r(s) is given in 1)1. 2|l and the Painleve transcendent wis) satisfies (|1.1|) with 7 = 0. 



As said in the introduction, the integration constants specifying the Painleve transcendent can be 
taken to be the exponents in the behaviors of w at s '-^ (short distance) and at s ~ 1 (long distance), 
given, respectively, in l|1.4() and H1.6|l (such a solution exists). The proportionality constants B and A 
are then unambiguous. In particular, using results of Jimbo |17j there is an explicit expression for the 
constant B involved in the short distance behavior of w: 



'^r(l - a) r(l - a') r(a + a')2 T{1 - a - a' + fi)' ^ ' ' 

From this, one can obtain the full short distance expansion of valid for < a + a' < 1 



r' p{a+a')+q{l-a — a') 

p,q=0 



where Co,o = 1. Once B is fixed, the other coefficients Cp^q are uniquely determined by the differential 
equation Hl.l|l . 

The leading long distance asymptotics (|1.6() of this Painleve transcendent is fixed by specifying the 
proportionality constant A. This constant can be obtained by comparing our form factor result (|6.3|l 
with the expansion (|1.7I) : this leads to the value (|1.8|l . Since we must have < w < 1 for all < s < 1, 
the asymptotics (|1.6ll is valid only for A > 0, and the asymptotics 1)1.4(1 only for _B > 0. This imposes 
aa' > 0. From the behavior (|l.t)|) and using the differential equation, one can obtain the full long distance 
expansion of w: 

00 

l-w = A{l^ s)1+2m J2 Dp,q (1 - s)p(i+2m)+<? (7.3) 

p,q=0 

with I?o,o = 1. For instance, the coefficients Dq^^ are given by 

00 

L>o,g (1 - s)« = s"-">(l -a' + n,a + n;l + 2n;l- sf. (7.4) 

9=0 
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The long distance expansion H7.3|l can also be obtained from the full form factors expansion For 
instance, one can verify that the coefhcient Dq i in (|7.4|l is consistent with the coefficient of e^^* in the 
parenthesis in the form factor expansion (|6.3|l . 

Solving numerically the differential equation by using the appropriate initial conditions, it is possible 
to verify the consistency of our result H1.8|) for the constant involved in the long distance asymptotics 
of w, our result (|5.4|l for the one-point function, and the value l|7.2|l for the constant involved in the 
short distance asymptotics of w. We used as initial condition the long distance asymptotics H7.3|l with 
non-zero coefficients Dq.ij given in (|7.4(l and with the value 1)1.8(1 for the normalization constant. We 
numerically verified that the behavior ((1.4(1 with the constant 1(7.2(1 is recovered, and that the equation 
((1.3(1 is satisfied to a high accuracy. 



8 Conclusion 

We have fully characterized the two-point function {Oa{x)Oa'{y)) in the Dirac theory on the Poincare 
disk, with fermion mass m and Gaussian curvature — in the region < a + a' < 1, aa' > and 
mR > i. A comparison of our long distance expansion with the expansion obtained from the Painleve 
VI differential equation strongly suggests both that our "form factor" expansion is correct and that the 
Painleve VI differential equation indeed describes the two-point function of the scaling fields Oa in the 
region of parameters above. Notice that our results and the description above in terms of the differential 
equation are valid in the region < mR < ^ as well; however, they do not describe all the possible 
behaviors in this region. 

It would be very interesting to extend this description to a larger region of a, a' , and to fully analyze 
the region < mR < ^ and the analytical continuation to negative values of mR. Probably one of the 
most interesting eventual application of this description is to the analysis of an appropriate scaling limit 
of a "near-critical" lattice Ising model on the Poincare disk. Two-point functions of flat-space Ising spin 
and disorder variables in the scaling limit (described by two-point functions of spin and disorder fields 
in the free Majorana field theory) are simply related to two-point functions of the scaling fields C±i hi 
the free Dirac theory on flat space [HI [71 |S] . If similar relations exist between the Ising spin and disorder 
variables on the Poincare disk and the fields Oj- 1 in the free Dirac theory on the Poincare disk, the study 
of the latter can give information about the effect of the Poincare geometry on the statistical properties 
of the Ising model. For instance, the one-point function ((5.4(1 for a = ^ should be proportional to the 
square of the Ising magnetization near "criticality" . In the same spirit, from the point of view of the 
Ising model on the Poincare disk, the region mR < ^, and in particular the analytical continuation to 
negative values of mR, should show the most interesting features, especially in view of the arguments 
of ^ni- Some work has already been done in relating the scaling fields Oj.i in the Dirac theory on the 
Poincare disk to spin and disorder fields in the Majorana theory on the Poincare disk JS|. We hope to 
present results of a more complete investigation in a future publication jl9|. 
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A Construction of the embedding 



Here we describe a method for obtaining the expression (|4.10() for the operators {uj) . We first solve the 
locahty condition 1)4.9(1 for a set of operators Z^{r) depending on a complex parameter r: 

{Z,{r),-^j,oM - -oo)} = {Z,(r),^p];„,(7? ^ -cx))} = 0, 
with the fohowing ansatz: 

This leads to the equations: 

/•oo /'OO 

lim / di'e""'/(iy)r-"' = 0, lim / dv S{v){2RY'^''' e-'"""^ ] (y)r-''' ^ 



where S(y) is given in (|5.2|) . The first equation is satisfied if j(y) is analytical in the lower half z^-plane 
and increases at most exponentially as '^m(y) — oo, and the second equation is satisfied if S{v)f{v) 
is analytical in the upper- half i^-plane and increases at most exponentially as '^m{v) oo. Indeed, 
under such conditions it is possible, for i] negative and large enough, to send the contour of integration to 
3m(^') — oo in the integral dv e^'^'^ f (v)r~^'^ , giving zero contribution, and similarly for the integral 
J'^^dv S{v){2R)~'^'^'^e~^^^ f{u)r~'^'^ by sending the contour of integration to '^m{v) oo. This set of 
conditions on f{iy) forms a simple Riemann-Hilbert problem, a solution of which is: 

The operators ae(w) can then be formed by taking appropriate linear combinations of Zg{r). These 
linear combinations can be obtained by requiring that the states |a;)e = a^{LLj)e~'^^^ diagonalize the 
subgroup K and that they be correctly normalized. First consider states |r)c g H embedded in Ha 
by the identification |r)e = Z^{r)e~'^^^ . Using this embedding we can calculate the following matrix 
elements: 

{vac\7rn{^R{z,z))\r)+ = n ^ ^\ (1 - ^^^'^(1 - zr)-^(l - zr-^^-' 

{vac\nn{^L{z,z))\r)+ - Iii±4(l - ^^^^(1 - zr-i)-'^(l - 2r)-^-i. (A.2) 

From this and from the transformation properties of the fermion fields one can infer the transformation 
properties of the states |r)e under the isometry group SU{1, 1): 

where the functions Hs^g and Hs,g are automorphic factors: 

Hs^giz) = {bz + a)2^ , Hs^giz) = (bz + a)^'. 
Diagonalizing this action for the subgroup K, we obtain the operators adw): 

2-A'-ie-''t('^+^+*¥)r('i + 1 . 1.1 

a,{uj)^ — — -j-^ ^/ dr(l-r)^-5+»-(i+r)'^-2-«-r-'^-2Z,(r), (A.3) 



^r(i+M + ^f)r(i+M-*f) 7-1 

where the integral is performed in the region — tt < arg(r) < (other integration contours are possible 
but equivalent). The normalization was fixed by comparing with the partial wave 1(3. 5|l . The expression 
l(A.3(l for ae{u!) is equivalent to ((4.10(1 . 
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B Construction of form factors 



We study the normalized form factors of scaling fields (|4.15() : 

. . . ,UJn)ei,...er, = ((aei(^l) ' • • Oe,. (Wn)) ) « , 

where we use the notation 

rpj. (^^-2iTK+2-jriaQ ~J 
((•••»a = (B.l) 

We will assume that the spectral parameters LOj are real, except when explicitly stated. 
B.l Construction of "two-particle" form factors 

From the cyclic properties of the trace and the anti-commutation relations for the angular quantization 
modes, we have 

From the definition (|4.1(J|) . the trace (|4.15|) is then expressed as an integral: 

((a+(wi)a_(w2)>>a — FTT— — dv- ^ ^ ' ^ ' 



Til + /i)2 1 + e2'r!^-2™ 

,1 1 CJl \ / 1 1 1^9 

F \ ^1+ - - iv,^i + - - i^]l + 2^.]2 + i{) \ F [ ^1 + - - iv,^i + -- i^; 1 + 2^; 2 - iO 



2 "2 2' J \ 2 '"2 2 

The contour of integration goes between the poles at v = ia i/2 and v = ia + i/2. 

The integrand is proportional to e-'r''(_j/)-i+»('^i-'^2)/2 ^^^^^ ^ |-q g-7ny(-j^^-i-i(a;i-^2)/2 

when V ^ oo. This can be obtained from the asymptotics 

F(a, 6; c; 2 ± zO) = £|)(2a)^-=e±"('^+^-^) (l + 0{a-^)) + -IifL(2a)-''e±*-'' (l + O(a-i)) , 

valid for \a\ — s- oo, |arg(a)| < tt. The integral can be regularized by multiplying the integrand by a 
factor e^^ with some complex parameter p; the integral is then convergent for 5Re(p) = tt, Qm{p) ^ 0. 
It can be evaluated by the method of residues, closing the contour for instance in the upper half plane 
if 3m(p) > 0. The "two-particle" form factor is the analytical continuation to p = of the resulting 
expression. Contributions of poles in the upper half plane give 



((a+(c^i)a„(a.2)))a ^ , ...^ ^^(c^i, c^a) - e-^^(^-")G^(a;i, a;2) , (B.2) 



sin(7r(^ — a))r(l -f- [i) 
where (^^(a;!, 0^2) is the analytical continuation to p = of the following series: 



00 r 



G(P)(a;i,c^2) = 5] 



n=0 



i (1 — /i + a + rt) 



/ 1 \ / 1 Wo 

X i^(/^ + l + a-|-n,/i+2 - *Y;2Ai + l;2-l-i0 j + a + - iy;2^-|- 1;2 - iO 

and Gp(tJi,cj2) is the analytical continuation to p = of the series above with a replaced by /i. Note 
that the function G ^^(lox^loi) is shown below to be identically zero. 

The series Gq^' (cJi, W2) is convergent in the upper half p-plane 9m(p) > as well as on 3rn(p) = 
0, 5Re(p) 7^ {0,7r,— tt}. The analytical continuation to p = can be done via a "zeta-regularization" . 
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More precisely, we subtract, inside the summation symbol in (|B.3|) . the leading large n asymptotics of 
the summand: 



r(2^ + 1)2 sin(7ra)4-^(2n)-ie'^^e'f(3+"+") 



(2n)*' 



gi7r(a-M+«)(2n) 



— iA 



-i7T(a — /i+n) 



(2n 



where w — {lji + uj2)/2 and A = {lji — uj2)/2. The resulting series is convergent at p = 0. We then add 
to this series at p = the following quantity: 



r(2/i + 1)^ sin(7ra)4"^e 



ttA 



1 



C(l-zc^) 



r(M + ^-i^)r(M + i-^f) 21+- 



giir(Q!-^i) (|2^^^ — 1) 



C(l + iA) 



r(^+i+^i^)r(M + i + ^f) 21— 



1-iA 



where C(z) is Riemann's zeta function. The result is Ga{oJi,i^2)- Notice that the function Ga{^^iT^2) is 
real for real wi, ^2- 

The resulting expression for 6*0(^^1,^2) defines a function of loi and lj2 analytical in the region 
|3m(ti;i +^2)1 < 2, |3m(ti;i — ti'2)| < 2. By repeating the procedure above for the full large n asymptotics 
of the summand of G'L^'' (oji, 0^2), one can see that the function G'ct(a;i,a;2) thus defined has no singularity 
in the finite complex ui- and a;2-pla'nes: the function Ga{L0i,uj2) is an entire function of ui and lo2. 



The function (0^1,(^2) can now be evaluated in the following way. From l)B.2|l . we have 
By covariance under the subgroup K we find 

(UJI + UJ2)Gi_,{lOi,UJ2) = 0. 

Since the function G^{uji,uj2) is entire, this implies that it must be identically zero. Notice that a similar 
calculation leads to ((a_ (wi)a+(ti'2)))o = 0. Since the commutator {a_(a-'i), a+(a;2)} is a c-number, an 
immediate consequence is the anti-commutation property (|4.11|) . 



Hence we finally have 



Fa{L0i,UJ2) + .- 



4^^i7re('^2-'^i)T 
sin(7r(/i — Q;))r(l + /i)' 



:Ga{uJl,L02) 



(B.4) 



B.2 Two-particle form factors in the discrete basis 



It is possible to evaluate the function Ga{L0i,uj2) for some purely imaginary values of loi and 102- We 
will evaluate it for the values loi = + 2/i + 2fci) and ijJ2 = — «(! + 2/i + 2/02) for integers fci > and 
^2 > 0. This can be done by using the analytical continuation described above. Equivalently, it can be 
done by simply replacing these values of ui and 1^2 in the expression (|B.3I) , evaluating the resulting series 
at p = in a region of /x where it is convergent and analytically continuing the result in /i. With 



Ga: 



a; fci ,^2 



Gc{-i{l + 2/i + 2fci), + 2/x + 2fc2)), 
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this gives 

^„ ^„ (2^+ l)m^(2/i+ l)™2mi!m2! 

mi— Om2— / IV / / ^ 

where 

r(l + /i + a + mi)r(l + + a + 7712) 
Ha-mum2 = TTTj ^ — .-n , . , ^ — ^ 3F2 (1 , l+/.t+a+mi , l+/i+a+TO2; 1 -^+a; 1) . 

r(i - M + a)r(i + ^ + a) 

The 3i^2 hypergeometric function above can be evaluated in closed form, for any given integer mi and 
m2, in terms of Gamma functions and rational functions of /i and a. The two-particle form factors 1)6. 2|l 
in the discrete basis are expressed in terms of Ga-.kiM'- 



y ki\k2\ 1 (1 + 2^)^ sm(7r(^ — a)) 

B.3 "Multi-particle" form factors 

The "multi-particle" form factors of scaling fields can be evaluated by Wick's theorem in terms of the 
two-particle form factors. We have 

n 

where the hat over an argument means omission of this argument. Of course this will be non-zero only for 

— ^- Forming the nxn matrix Fq,(cl;i, . . . , cjn),:^^...^^^ with matrix elements [Fa{u)ij . . . ,ujn)ei,...,en]i,j 
Fa{uJi,ujj)e^^ej, the "multi-particle" form factors can be written as Pfafhans^: 

Fa{LJu . . .,0Jn)eu...,e„ = Pf (F„(wi, • ■ ., a;„),, J . (B.8) 

Using (|4.11|) . it is always possible to choose the order such that N operators with positive U{1) charge are 
followed by N operators with negative U{1) charge. Forming the NxN matrix Ga{iLJi, ■ ■ ■ , lun', i^i, ■ ■ ■ ^n) 
with matrix elements [Gait-^i, ■ ■ ■ , wjv; lii, . . .a)Ar)]i.j = _F'ct(a;i, , we have 

F„(u;i,...,c^Ar,i;i,...,(ijv)-|-,-K,... - det(G„(c^i, . . . , wat; . . . , (B.9) 

N N 

Similar expressions are valid for the form factors (OlOctlfci, . . . , kn)ei,...,e„ in the discrete basis. 



C Flat space limit of form factors 

It is a simple matter to verify that the "two-particle" form factors (|B.4|) specialize to the known expression 
in the flat space limit. Two-particle form factors of the scaling fields Oa in the flat space limit, with 
particle at rapidities Pi and P2 and states normahzed by {Pi\f}2)il''* = 27r5jj a-i^iPi — P2): are obtained 

by 

(mc|0„|/3i,/32)i'"* = lim x (C.l) 

fl — >oo 

(2/i)"'+i27rv/p(2^sinh(/3i))p(2^sinh(/?2))cosh(/3i)cosh(/32)-Fa i^fi sinh(/3i), 2/i sinh(/32))+- 
and the one-point function is obtained by 

(O,)/"^* = lim {2^lr\Oa)■ 

^Using this, one can immediately write the form factor expansion 13.111 as a Fredholm determinant in the case a = a' . 
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Using the expression l|B.4p . this gives the known normahzed fiat space form factors, first obtained in |7|: 
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